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Dr. Mathias Braun & Wenhao Zhao Functional analysis 2
. Spring 2025

Sheet 4

Exercises for ’Functional Analysis 2’ [MATH-404]

(10/03/2025)

Ex 4.1 (Linear maps on Lp with 0 < p < 1)
Let p ∈ (0, 1) ; let Lp denote the space of Lebesgue measurable functions on R for which

ρ(f) =

∫
R
|f(x)|p dx < +∞,

endowed with the topology induced by the metric d(f, g) = ρ(f − g).

a) Show that the only convex and open subsets of Lp are ∅ and Lp itself.
Hint: Since Lp is a TVS, wlog the open set contains the origin. Given r > 0 and f ∈ Lp, write

f =
∑n

i=0 λigi with λi ∈ (0, 1) and
∑

i λi = 1 and functions gi = λ−1
i fχIi , where the intervals

Ii form a partition of R such that ρ(gi) < r for each i.

b) Let T : Lp → X, where X is a LCTVS, be a continuous linear mapping. Prove that

Tf = 0 for all f ∈ Lp.

c) Deduce that (Lp)′ = {0}.

Ex 4.2 (The spaces C(Ω))
Let Ω be a nonempty open subset of Rd.

a) Show that there exists a sequence of compact subsets (Kn)n∈N such that

Kn ⊂ int(Kn+1) and
⋃
n∈N

int(Kn) = Ω, (⋆)

where int(K) denotes the interior of a set K, i.e. the largest open set contained in K.

Hint: If Ω ̸= Rd, work with the distance function to the closed set Rd \ Ω.

Let C(Ω) be the vector space of all continuous f : Ω → R and consider the family of seminorms

pn(f) := max
x∈Kn

|f(x)|,

where (Kn)n∈N is any sequence of compact sets satisfying (⋆).

b) Show that C(Ω) with this family of seminorms is a LCTVS whose topology does not
depend on the choice of a sequence (Kn)n∈N. Give an example of a translation invariant
metric on C(Ω) and demonstrate that C(Ω) is a Fréchet space. Is it normable ?

c) Give an example of a bounded and closed set E ⊂ C(Ω) which is not compact.



Ex 4.3 (Continuous functionals)
For each of the following LCTVSX (endowed with the topology defined in the previous exercises
and/or the lecture notes), show that the linear functional Λ onX as defined below is continuous :

a) X = C(Ω), Λx0(f) := f(x0), where x0 ∈ Ω ;

b) X = C(Ω), Λg(f) :=
∫
Ω
f(x)g(x) dx, where g is continuous with compact support in Ω ;

c) X = D[a,b], Λ
(k)
x0 (f) := f (k)(x0), where k ∈ N0 and x0 ∈ [a, b].

Ex 4.4 (Locally compact Hausdorff-TVS are finite dimensional∗)
Let X be a Hausdorff topological vector space such that 0 has an open neighborhood U with
U being compact. Show that X is finite dimensional. You may follow the guideline below :

a) Show that there exist x1, . . . , xn ∈ X such that U ⊂
⋃n

i=1(xi +
1
2
U).

b) Define Y = span(x1, . . . , xn) and deduce that Y is closed. Moreover, show that 1
2
U ⊂

Y + 1
4
U .

c) Prove by induction that

U ⊂
+∞⋂
n=1

(Y + 2−nU).

d) Deduce that U ⊂ Y and finally X ⊂ Y to conclude.


